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Abstract
Given a simply connected 3-local (nite H -space X with mod 3 homology an associative ring,
the even degree algebra generators of H∗(X ; F3) lie in degrees 8 and 20 and the homology ring
H∗(X ; F3) is primitively generated. Further, the action of P1 on certain odd degree generators
of H∗(X ; F3) is speci(ed. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 55S20; 55S45; 55R35; 55D45; 55G20
0. Introduction
Throughout this paper, the symbol X will denote a simply connected three-local
(nite H -space with H∗(X ; F3) an associative ring. By the Borel structure theorem,
H∗(X ; F3) is of the form (x1; : : : ; x‘) ⊗ F3[y1; : : : ; yk ]=(y3f11 ; : : : ; y3
fk
k ) as an algebra,
where degrees of xi and yj are odd and even, respectively. In this note we study the
possible cohomology ring structures.
There are several examples that provide some insight. Adams [1] has shown that an
odd sphere localized at an odd prime is an H -space, so since H∗(S2n+1(3) ) is an exterior
algebra on a generator of degree 2n + 1, by forming products of odd dimensional
spheres we may create an H -space whose cohomology is any exterior algebra on odd
degree generators.
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One may ask if the even degree generators can occur in any degree as well. Harper
[4] has shown there is a non-Lie H -space X (3) with
H∗(X (3); F3) = (x3; x7)⊗ F3[x8](x38)
:
The exceptional Lie groups F4 and E8 have mod 3 cohomology
H∗(F4; F3) = (x3; x7; x11; x15)⊗ F3[x8](x38)
;
H∗(E8; F3) = (x3; x7; x15; x19; x27; x35; x39; x47)⊗ F3[x8; x20](x38 ; x320)
:
In this paper we prove the following theorems:
Theorem A. The even degree generators of H∗(X ; F3) lie in degrees 8 and 20. The
Hopf algebra H∗(X ; F3) is primitively generated and the map  :H∗(X ; F3) →
H∗(X ; F3) de5ned by (x) = x3 is trivial.
Theorem A eliminates all even degree generators except those that occur in the
known examples.
We have the following theorem.
Theorem B. If QH 20(X ; F3) = 0; the algebra H∗(X ; F3) is not commutative. If
QH 20(X ; F3) = 0; there exists an H -space Y with H∗(Y ; F3) ≡ H∗(X ; F3) as alge-
bras and H∗(Y ; F3) is commutative.
Y can be chosen to be a (nite product of X (3)s and odd dimensional spheres.
Some other theorems that follow from Theorem A are given below.
Theorem C. Let ∗ : QH∗(X ; F3) → PH∗(X ; F3) be the suspension map. The ker-
nel of ∗ is QH 8(X ; F3) ⊕ QH 20(X ; F3). The map ∗ is onto except in degrees 23
and 59.
Theorem D. The homology algebra H∗(X ; F3) has the following form:
H∗(X ; F3) =
F3[u1; : : : ; u‘]
(u31; : : : ; u
3
‘)
⊗ F3[v1; : : : ; vm];
where the degrees of the ui are either 2 or 6.
Results such as Theorems A–D were previously known only for (nite H -spaces that
admit at least a (nite loop space structure. Theorem A answers questions 1.3 and 1.5
in [11] for the prime 3.
Although the above theorems are statements about the algebra structure of the even
degree generators, the proofs of these theorems rely on information about the action of
the Steenrod algebra on the odd degree generators. Every even degree generator is in
the image of a Steenrod operation applied to an odd degree generator. This Steenrod
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action allows us to eliminate all even degree generators except in degrees 8 and 20.
In the process we prove a theorem concerning the odd degree generators.
Theorem E. If Hx ∈ QH 6n+3(X ; F3) and P3n+1 Hx ∈ imP2; then P1∗(x) ∈ imP2 where
∗ : QH∗(X ; F3)→ PH∗(X ; F3) is the cohomology suspension.
Theorem E provides partial answers to question 2.3 of [11].
We structure the paper in the following way. By carefully choosing the degrees of
our generators, we prove a series of theorems about generators in degrees congruent
to 3mod 6. We then use these theorems to eliminate possible even degree generators.
Throughout this paper we assume that all spaces are connected and endowed with a
base point. All homotopies respect the basepoint. All homologies and cohomologies are
of (nite type. Unless otherwise speci(ed the coeJcients for cohomology and homology
will be the (eld F3. Recall that if X is an H -space, then H∗(X ) and H∗(X ) are
dual Hopf algebras over the Steenrod algebra A(3). Given a Hopf algebra A, we
denote by Q(A) the module of indecomposables and P(A) the module of primitives.
The symbols (x1; : : : ; xn), F3[y1; : : : ; ym], [z1; : : : ; z‘] indicate exterior, polynomial
and divided polynomial Hopf algebras, respectively. The Steenrod algebra A(3) is
generated by elements Pi, 1 subject to the Adem relations. We use
∗ : QH∗(X )→ PH∗(X );
to denote the cohomology suspension map induced by evaluation X → X . See
[3, Section 4]. We assume the reader is familiar with the classical notation of Hopf
algebras as described in [12].
The authors would like to thank the referee and editor for many useful comments.
1. Algebraic preliminaries
Throughout the entire paper we assume X is a simply connected (nite H -space with
H∗(X ; F3) an associative ring. It will be useful to gather known theorems about the
Hopf algebra H∗(X ) into a single section for reference.
We have the following facts about QH even(X ) and H∗(X ).
Theorem 1.1. The Hopf algebra H∗(X ) has the following properties:
(a) [10, Theorem 4:4:1, Theorem 4:3:1] QH even(X )=
∑
1PnQH 2n+1(X ) ⊆ im (1P1−
P11).
(b) [2] There exists an A(3) subHopf algebra B ⊆ H∗(X ) with QB ∼= QH even(X ).
Thus every even degree generator has a representative in B. The Hopf algebra B
is concentrated in even degrees and is primitively generated. If x ∈ H∗(X ) with
HKx ∈ B⊗ B then x is in B.
(c) [10; Theorem 5:1:1] Let v(k) = 1 + 3 + · · ·+ 3k for k ¿ 0; v(−1) = 0. The only
even degree generators of height 9 occur in degrees 2v(k) for k ¿ 0. All other
even degree generators have height 3.
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(d) [10; Theorem 2:2:2] All even degree generators of degrees not equal to 2v(k) lie
in the image of Pp
i
for some i ¿ 0. QB2v(k) ∩ imPpi =0. We have the following
formulae:
QB2·3
j+1+···+2·3k+2v(k−2) =P3
k−1
P3
k−2
: : :P3
j
QB2v( j)
=P3
k−1+···+3 jQB2v( j):
All even degree generators lie in degrees of the form 2n where n=1+
∑‘
s=1 as3
s
where at most one as = 0; all other as = 1.
(e) [2] Let R = {x ∈ H∗(X ) | HKx ∈ B ⊗ H∗(X )}. Then R is an A(3) coalgebra and
every odd degree generator has a representative in R. Rodd has no decomposables.
(f ) If 18n + 16 is the degree of a transpotence element of H∗(X ) then n = 3‘ +
3‘−1 + · · ·+ 3 for some ‘ and there is a generator in B2v(‘) of height 9.
(g) Transpotence elements in PH∗(X ) can only occur in degrees 3(2n)−2 if QB2n =
0 and in degrees 9(2n)− 2 if QB2n = 0 and 2n= 2v(j); and there is an element
of QB2v( j) of height 9.
(h) [12] Given a bicommutative Hopf algebra A; we have an exact sequence
0→ P(A)→ P(A)→ Q(A)→ Q(+A)→ 0:
So if Hx ∈ Q2n(A) = 0 with n ≡ 0mod 3 then x can be chosen to be primitive.
(i) [3] The cohomology suspension ∗ :QH∗(X )→PH∗(X ) is monic in odd degrees;
PH∗(X ) ⊆ im ∗ except in degrees where a transpotence occurs.
Proof. Proofs of (a)–(e) and (h) appear in the references. We now prove (f)
and (g). If H∗(X ) has Borel decomposition
H∗(X ) = (x1; : : : ; x‘)⊗ F3[y1; : : : ; yk ]
(y3
f1
1 ; : : : ; y
3fk
k )
; (1.1)
we have fi=1 or 2 by (c). By (a) we may assume 1Pni Hxi= Hy i where deg xi=2ni+1
for i = 1; : : : ; k. By [6, Proposition 2:8, Theorem 5:1] this implies that we have the
following coalgebra decomposition of H∗(X ):
H∗(X )∼= 3[∗(x1); : : : ; ∗(xk)]
⊗[∗(xk+1); : : : ; ∗(x‘)]⊗ [’3f1 (y1); : : : ; ’3fk (yk)]; (1.2)
where ’3fi (yi) is the transpotence element of degree 3
fi(deg yi) − 2. The symbol
 denotes a divided power coalgebra. 3 is a divided power coalgebra truncated at
height 3. As a coalgebra 3 is the dual of a polynomial algebra truncated at height 3.
Note H∗(X ) is a bicommutative even dimensional Hopf algebra. By Theorem 1.1(h)
QH 2n(X ) ∼= PH 2n(X ) if n ≡ 0mod 3.
By (c) fi = 2 only if 2ni = 2v(‘) for some ‘. Hence 18n+ 16 = 9(2ni)− 2 implies
2ni = 2n+ 2 = 2v(‘). Therefore n= 3‘ + · · ·+ 3. This proves (f).
(g) follows from (c).
Let  : X → X be the squaring map  (z) = z2.
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Proposition 1.2. Let w be an algebra generator of H∗(X ). Let w satisfy one of the
following properties:
(1) w3 ∈ PH∗(X ).
(2)  ∗(w) = 2w.
If w3 =P1y1 where y1 is decomposable; w =P1y2 for some y2.
Proof. Let degw = 2n. Let A be the subalgebra of H∗(X ) generated by
6n∑
‘=0
H‘(X ):
Then A is a (nitely generated algebra invariant under  ∗. By [8, Chapter 48],
A= A(1)⊕ A(2);
where  ∗ is multiplication by 2i on A(i). We may write
y1 = d1 + d2;
where di ∈ A(i).
If w3 = P1y1 where y1 is decomposable, we will prove we can choose y1 to be
three-fold decomposable. Since  ∗ induces multiplication by 2 on QH∗(X ), d1 is
three-fold decomposable.
If y1 is just two-fold decomposable we would have d2 = 0.
 ∗(w3) = 2w3 = 2P1d1 + 2P1d2
=P1 ∗(d1) +P1 ∗(d2)
= 2P1d1 +P1d2;
since 22 ≡ 1mod 3. Hence P1d2 = 0. Thus, we may assume y1 = d1 is three-fold
decomposable.
Given subsets S, T of H∗(X ), let S · T be the subspace of H∗(X ) spanned by
all cup products of the form st for s ∈ S, t ∈ T . De(ne S2 = S · S and inductively
de(ne Sn = Sn−1 · S. Let [S] be the subspace spanned by the elements of S.
Now suppose that w ∈ imP1. Then there exists a vector space V with V ⊇ imP1
and
H 2n(X ) = [w]⊕ V:
Hence we have a direct sum decomposition
[H 2n(X )]3 = [w3]⊕ w2 · V ⊕ w · V 2 ⊕ V 3: (1.3)
We can express y1 in the form
y1 =
∑
aibici + u;
where deg ai = 2n− 4, deg bi = deg ci = 2n and u cannot be expressed as a three-fold
product in those degrees.
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Since P1y1 = w3 we must have that w3 occurs as a summand in
∑
(P1ai)bici. But∑
(P1ai)bici lies in the ideal generated by V which is complementary to w3 by (1.3).
This is a contradiction, therefore
w =P1y2 for some y2:
2. x38 = 0 and QH
26(X ) = 0
In this section we use downward induction together with the Main Theorem of [5]
to prove a number of theorems about the action of P1 on some odd degree generators.
We recall this theorem here.
Theorem 2.1 (Main Theorem Hemmi and Lin [5]). Let X be a 5nite simply connected
H -space with H∗(X ; F3) associative. If Hx ∈ QH 6n+3(X ) with P3n+1 Hx ∈ imP2 and
18n+ 16 is not the dimension of a transpotence element; P1∗(x) ∈ imP2.
Theorem 2.2. The following formula holds in the module of indecomposables of
H∗(X ). For k ¿ 0
P1QH 4·3
k+3(X ) =P2QH 4·3
k−1(X ) +P2·3
k−1+1P1QH 4·3
k−1−1(X ):
Proof. By downward induction we may assume the theorem to be true for k ′¿k.
Let Hx ∈ QH 4·3k+3(X ) with P1 Hx = 0. Then 4 · 3k + 3 = 6n+ 3 for n= 2 · 3k−1
P3n+1 Hx =P1P3n Hx ∈ P1QH 4·3k+1+3(X ):
By the inductive assumption
P3n+1 Hx =P2 Hy +P3n+1P1 Hx1:
If we choose representatives x; y; x1 in R then
P3n+1x =P2y +P3n+1P1x1 + d;
where d is decomposable in R. But Rodd has no decomposables by Theorem 1.1(e),
therefore
P3n+1x =P2y +P3n+1P1x1:
Let x0 = x −P1x1. Then
P3n+1x0 ∈ imP2: (2.1)
To apply Theorem 2.1, we need to show 18n+ 16 = 4 · 3k+1 + 16 is not the degree
of a transpotence.
This follows from Theorem 1.1(f). By (2.1) we can apply Theorem 2.1 to conclude
P1∗(x0) ∈ imP2: (2.2)
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Hence
P1∗(x0) =P2(z + d);
where z is indecomposable in degree 4 · 3k − 2 and d is decomposable. By Theorem
1.1(h) we may assume z is primitive. Hence
P2d=P1∗(x0)−P2z ∈ PH 4·3k+6(X );
has the form
P2d= w3: (2.3)
If k ¿ 1, we may choose w to be a primitive algebra generator. In fact, by Theorem
1.1(h) w = p + d1 for some primitive p and some decomposable d1 since degw =
2(3k−1 + 1) with 3k−1 + 1 ≡ 0mod 3. Then, d31 =P2d−p3 is primitive decomposable
in H∗(X ). Thus, by Theorem 1.1(h) for A=H∗(X ), d31 is in P(
2H∗(X )), and
hence d31 must be 0 for dimensional reason.
If k = 1, we might have w = e3 =P1e for e ∈ PH 2(X ). If k ¿ 1, by Proposition
1.2
w =P1e for some e ∈ H 4·3k−1−2(X ):
Again by Theorem 1.1(h) we may choose e ∈ PH 4·3k−1−2(X ).
Hence
P1∗(x0) =P2z +P2·3
k−1+1P1e: (2.4)
We claim both z ∈ PH 4·3k−2(X ) and e ∈ PH 4·3k−1−2(X ) are suspensions. If z
or e were transpotence elements, by Theorem 1.1(g) there would exist even degree
generators in degrees of the form 4 · 3k−1, 4 · 3k−2 or 4 · 3k−3. This is impossible by
Theorem 1.1(d). Hence
z = ∗(y0); e = ∗(y1):
By Theorem 1.1(e) we may assume y0; y1 lie in R.
Let
4=P1x0 −P2y0 −P2·3k−1+1P1y1 ∈ Rodd :
By (2.4) ∗(4) = 0. By Theorem 1.1(i) 4 is decomposable, hence 4 = 0 by Theo-
rem 1.1(e).
Thus,
P1x=P1(x0 +P1x1)
=P2y0 +P2·3
k−1+1P1y1 + 2P2x1
=P2(y0 + 2x1) +P2·3
k−1+1P1y1:
This completes the downward induction.
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Theorem 2.3. Let Hx8 ∈ QH 8(X ). If x8 ∈ B represents Hx8; then x38 = 0.
Proof. The Hopf algebra B is trivial below degree eight by Theorem 1.1(a), (d) and
(b). It follows that x8 = 1P1x3 is primitive. Theorem 1.1(a) implies in degrees less
than or equal to 20, B is generated by algebra generators in degrees 8 and 20. The
Adem relations imply
x38 =P
1P3x8 (2.5)
and P3x8 is a primitive algebra generator by Theorem 1.1(h). By Theorem 1.1(a)
P3 Hx8 = (1P1 −P11)Hx15: (2.6)
If we choose x15 ∈ R, then
HKx15 ∈ B8 ⊗ R7;
since B is trivial in degrees below 15 except in degree 8 by Theorem 1.1(d).
We have 1x15 decomposable by Theorem 1.1(d). Since HK1x15 ∈ B8 ⊗ B8 by
Theorem 1.1(b), 1x15 must be a two-fold product of eight dimensional generators of
B. Since P1B8 = 0, we have
P11x15 = 0:
By (2.6)
P3x8 = 1P1x15 + d;
where HKd ∈ B⊗B. Hence d ∈ B20 by Theorem 1.1(b). But there are no decomposables
in B20, therefore
P3x8 = 1P1x15: (2.7)
The Adem relations imply
x38 =P
1P3x8 =P11P1x15 = aP21x15 + b1P1P1x15: (2.8)
As before
P21x15 = 12P
1(P11x15) = 0:
Therefore
x38 = b1P
1P1x15:
By Theorem 2.2 there are x11; x3 ∈ R with
P1x15 =P2x11 +P3P1x3:
Composing with b1P1,
x38 = b1P
1[P2x11 +P3P1x3]:
Since P1P2 = 0 and P1P3P1x3 = 0 we have x38 = 0.
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Theorem 2.4. The following formula holds in the algebra H∗(X ). For k ¿ 0
P1QH 2·3
k+3(X ) =P2QH 2·3
k−1(X ) +P3
k−1+1P1QH 2·3
k−1−1(X ):
Proof. The proof is very similar to the proof of the previous theorem. Assume by
downward induction that for k ′¿k
P1QH 2·3
k′+3(X ) =P2QH 2·3
k′−1(X ) +P3
k′−1+1P1QH 2·3
k′−1−1(X ):
Given Hx ∈ QH 2·3k+3(X ) with P1 Hx = 0. By inductive assumption
P3
k+1 Hx =P1P3
k
Hx =P2 Hy +P3
k+1P1 Hx1:
If x; y; x1 ∈ R represent Hx; Hy; Hx1 ∈ QH∗(X ), respectively, then
P3
k+1(x −P1x1) =P2y:
Therefore if x0 = x −P1x1, Hx0 ∈ QH 6n+3(X ) for n= 3k−1 and
P3n+1 Hx0 ∈ imP2: (2.9)
Further 18n+16=2 · 3k+1 +16=9(2 · 3k−1 +2)− 2. By Theorem 1.1(f) this can be
the degree of a transpotence only if k = 2 and there is an eight dimensional generator
truncated at height nine. By Theorem 2.3, this does not occur.
Hence, by Theorem 2.1
P1∗(x0) =P2(z + d): (2.10)
By Theorem 1.1(h) we may assume z ∈ PH 2·3k−2(X ) and d is decomposable.
Hence
P2(d) = w3 for w ∈ PH 2·3k−1+2(X ); (2.11)
where w is indecomposable.
By Proposition 1.2,
w =P1e for e ∈ PH 2·3k−1−2(X ):
We claim z and e are suspensions. If z or e was a transpotence element, by Theo-
rem 1.1(g) there would be even degree generators in H∗(X ) of degree 2 ·3k−1, 2 ·3k−2
or 2·3k−3. By Theorem 1.1(a) there are no two dimensional generators and by Theorem
1.1(d) there are no generators in degrees 2 · 3‘ for ‘¿ 0. It follows that:
z = ∗(y0) e = ∗(y1); y0; y1 ∈ R:
P1x0 =P2y0 +P3
k−1+1P1y1: (2.12)
Therefore
P1(x −P1x1) =P2y0 +P3k−1+1P1y1
or
P1x =P2(y0 + 2x1) +P3
k−1+1P1y1:
This completes the inductive step.
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Corollary 2.5. In the algebra H∗(X ), QH 26(X ) = 0.
Proof. By Theorem 1.1(a)
QH 26(X ) = 1P4QH 9(X ) = 1P1P3QH 9(X ):
By Theorem 2.4, with k = 2
P1P3QH 9(X ) =P2QH 17(X ) +P4P1QH 5(X )
=P2QH 17(X ) +P3P2QH 5(X ) (2.13)
since P3P2 = cP4P1 for c ∈ F3. There are Adem relations
1P2 = aP21 + bP11P1
1P3 = cP31 + dP11P2: (2.14)
Therefore by (2.13)
QH 26(X ) ⊆ imP1 + imP3:
This contradicts Theorem 1.1(d). So QH 26(X ) = 0.
3. QH even(X ) is concentrated in degrees 8; 20
Theorem 3.1. In the algebra H∗(X ), QH even(X ) is concentrated in degrees 8 and 20.
Proof. By Theorem 1.1(d), all even degree generators lie in the image of even Steenrod
operations applied to
∞∑
j=1
QH 2v( j)(X ) where v(j) = 1 + 3 + · · ·+ 3 j: (3.1)
We have 2v(1) = 8; 2v(2) = 26. By Corollary 2.5 QH 26(X ) = 0. Now assume by
induction on j that
QH 2v( j
′)(X ) = 0 for 26 j′¡j: (3.2)
We will prove that (3.2) implies QH 2v( j)(X ) = 0. By Theorem 1.1(d), it follows that
QH even(X ) is concentrated in degrees 8, 20.
By Theorem 1.1(a)(d)
QH 2v( j)(X ) = (1P1 −P11)QH 2v( j)−5(X )
= 1P1QH 2v( j)−5(X ): (3.3)
We may write
2v(j)− 5 = 6n+ 3 for n= 3 + · · ·+ 3 j−1:
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By downward induction on k we will prove for k ¿ 0 and j ¿ 3 with (k; j) not equal
to (0; 3)
P1QH 6(3
k )n+3(X ) =P2QH 6(3
k )n−1(X ) +P3
k n+1P1QH 6(3
k−1)n−1(X ): (3.4)
In the case j = 3 and k = 0, we will prove
P1QH 6n+3(X ) =P2QH 6n−1(X ) +P3QH 6n−5(X ): (3.5)
The proof is analogous to Theorems 2.2 and 2.4, but we will need the previous
theorems to eliminate possible transpotence elements. We now proceed.
Suppose for k ′¿k and all j ¿ 3
P1QH 6(3
k′ )n+3(X ) =P2QH 6(3
k′ )n−1(X ) +P3
k′n+1P1QH 6(3
k′−1)n−1(X ): (3.6)
Let Hx ∈ QH 6(3k )n+3 with P1 Hx = 0. Then by (3.6)
P3
k+1n+1 Hx =P2 Hy +P3
k+1n+1P1 Hx1:
Let Hx0 = Hx −P1 Hx1.
Then
P3
k+1n+1 Hx0 ∈ imP2:
To apply Theorem 2.1, we must verify
2m= 18(3k)n+ 16 (3.7)
is not the degree of a transpotence element. If 2m were the degree of a transpotence,
then by Theorem 1.1(f) 3kn=3‘ + · · ·+3 for some ‘. But n=3+ · · ·+3 j−1 so k =0
and ‘ = j − 1.
By Theorem 1.1(f) this implies that there is a generator of B2v( j−1) of height 9. But
by (3.2),
QH 2v( j−1)(X ) = 0:
Therefore 2m is not the degree of a transpotence element and we can now apply
Theorem 2.1 to conclude
P1∗(x0) =P2(z + d); (3.8)
where z ∈ PH 6(3k )n−2(X ) and d is decomposable. Hence P2d is primitive decom-
posable, so
P2d= w3 for w ∈ H 2(3k )n+2(X ) a primitive generator: (3.9)
By Proposition 1.2
w =P1e; e ∈ PH 2(3k )n−2(X ):
Now consider the case when (k; j) is not equal to (0; 3). We claim z and e are suspen-
sions. Recall that by (3.2) the only even degree generators in degrees less than 2v(j)
lie in degrees 8 and 20, and that by Theorem 1.1(c) and Theorem 2.3 both generators
are truncated at height three.
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If e were a transpotence element, then by Theorem 1.1(g) e would have to be of
degree 22 or 58 since ’3(x8) and ’3(x20) lie in degrees 22, 58, respectively. This
implies that 3kn is 12 or 30. But n = 3 + · · · + 3 j−1 and (k; j) is not equal to (0; 3),
so this is impossible. By the same reason, z is not a transpotence element.
So if (k; j) is not equal to (0; 3) z= ∗(y0) e= ∗(y1). By Theorem 1.1(e) we may
choose y0; y1; x; x1 in R. Then x0 ∈ R and by (3.8)
∗(P1x0 −P2y0 −P3k n+1P1y1) = 0:
By Theorem 1.1(g) and (i) ∗: QH odd(X ) → PH even(X ) is monic and Rodd has no
decomposables. We conclude
P1(x −P1x1) =P1x0 =P2y0 +P3k n+1P1y1: (3.10)
Hence
P1 Hx ∈ imP2 + imP3k n+1P1:
This completes the induction and proves (3.4).
Now consider the case when j=3 and k=0. Then 3kn=n=12. The above analysis
shows that z is always a suspension, but it is possible that e could still be a transpotence
element in degree 22. We have
w3 =P13P1e =P3P11e:
By (3.8), P1∗(x0) =P2z+P13P1e=P2z+P3P11e. By Theorem 1.1(e) there exist
y0; y1 in R with
z = ∗(y0); P11e = ∗(y1):
Choosing x, x1 in R we get
∗(P1x0 −P2y0 −P3y1) = 0:
By Theorem 1.1(e)
P1x0 =P2y0 +P3y1 =P1(x −P1x1)
or
P1x ∈ imP2 + imP3:
This proves (3.5). We now apply (3.4) when k = 0 and (3.5) to conclude for j ¿ 3
QH 2v( j)(X ) = 1P1QH 6n+3(X )
= 1P2QH 6n−1(X ) + 1Pn+1P1QH 2n−1(X ) + 1P3QH 6n−5(X ):
We have
Pn+1P1QH 2n−1(X ) =P3Pn−1QH 2n−1(X ): (3.11)
Using (2.14) we conclude
QH 2v( j)(X ) ⊆ imP1 + imP2 + imP3:
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This contradicts Theorem 1.1(d). Hence
QH 2v( j)(X ) = 0:
By induction we now have QH 2v( j)(X ) = 0 for j ¿ 2. This completes the proof.
Corollary 3.2. Transpotence elements occur only in degrees 22 and 58.
Proof. Since all 8 and 20 dimensional generators are truncated at height three, this
follows by Theorem 1.1(g).
Now we prove Theorem E.
Proof of Theorem E. By Corollary 3.2, 18n+ 16 is not the degree of a transpotence.
Applying Theorem 2.1 we get the result.
4. Proof of Theorems A, B, C, D
In this section we prove Theorems A, B, C and D.
Proof of Theorem A. By Theorem 3.1 all even degree generators lie in degrees 8 and
20. By Theorem 1.1(d)
QH 20(X ) =P3QH 8(X )
and we may choose representatives for QH 8(X ) to have the form x8 = 1P1x3 with
x38 = 0 by Theorem 2.3. Therefore if x20 =P
3x8,
x320 =P
9(x38) = 0:
Hence all even degree generators have height three so  is trivial. A Hopf algebra
theorem [12] implies that H∗(X ) is primitively generated.
Proof of Theorem B. If QH 20(X ) = 0, H∗(X ) is not commutative by [7]. Now suppose
that QH 20(X )= 0. For a1; : : : ; ak a basis of eight dimensional generators, introduce for
each ai a copy of X (3), Harper’s H -space. By Theorem 1.1(a) each ai lies in the
image of 1P1, and by Corollary 4:1, a3i =0. Therefore for each ai, H
∗(X ) contains a
copy of H∗(X (3)). Then H∗(X ) is isomorphic to the cohomology of a k-fold product
of X (3)s with a product of odd dimensional spheres. Since H∗(X (3)) is commutative,
this product will have commutative homology.
Proof of Theorem C. We have QH even(X ) = ker ∗ since ∗ is monic on QH odd(X ),
and by Theorem 1.1(a).
QH even(X ) =
∞∑
‘=1
1P‘QH 2‘+1(X ):
By Theorem 3.1 we have ker ∗ = QH 8(X ) ⊕ QH 20(X ). By [3,9] PH∗(X ) consists
of suspension elements and transpotence elements. Since all 8 and 20 dimensional
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generators are truncated at height three by Theorem A, we have that transpotence
elements lie in degrees 22 and 58 by Theorem 1.1(g).
Proof of Theorem D. By (1.2), we have for each x8 = 1P1x3, x20 = 1P3P1x3 that
there exist 〈u2; ∗(x3)〉= 1〈u6; ∗(P1x3)〉= 1 with u2 and u6 having height three.
By (1.2) these are the only degrees where we have homology generators truncated
at height three. At all other degrees, even degree homology generators have in(nite
height.
References
[1] J.F. Adams, The sphere, considered as an H -space mod p, Quart. J. Math. Oxford 12 (1961) 52–60.
[2] P. Baum, W. Browder, The cohomology of quotients of the classical groups, Topology 3 (1965) 305–
336.
[3] A. Clark, Homotopy commutativity and the moore spectral sequence, Pac. J. Math. 15 (1979) 65–74.
[4] J. Harper, H -spaces with Torsion, Mem. Amer. Math. Soc. 223 (1979).
[5] Y. Hemmi, J. Lin, Odd generators of the mod 3 cohomology of (nite H -spaces, J. Math. Kyoto 39 (4)
(1999) 619–647.
[6] R. Kane, On loop spaces without p torsion, Pac. J. Math. 60 (1975) 189–201.
[7] R. Kane, The homology algebra of (nite H -spaces, J. Pure. Appl. Algebra 41 (1986) 213–232.
[8] R. Kane, The Homology of Hopf Spaces, North-Holland, Amsterdam, 1988.
[9] D. Kraines, The kernel of the loop suspension map, Ill. J. Math. 21 (1977) 91–108.
[10] J. Lin, Torsion in H -spaces II, Ann. Math. 107 (1978) 41–88.
[11] J.P. Lin, H -spaces with (niteness conditions, in: I. James (Ed.), Handbook of Algebraic Topology,
North-Holland, Amsterdam, 1995 (Chapter 22).
[12] J. Milnor, J.C. Moore, On the structure of Hopf algebras, Ann. Math. 81 (1965) 211–264.
